
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



INVARIANTS WHICH ARE FUNCTIONS OF PARAMETERS OF THE 

TRANSFORMATIO N.* 

By Oliver E. Glenn. 

Among invariant theories of importance in geometry are those leading 
to concomitants which are functions of one or more of the coefficients 
of the transformations. An example is the case of invariants of axial 
rotations in a plane.f A general theory of such concomitants is here 
considered, for both binary and ternary linear transformations. What 
is usually true of a general analytical algorithm, ruling various special 
situations, is exemplified, i. e., the algorithm points to a natural mode of 
procedure in the investigation of any particular instance under the 
theory. Application is made in Section II to a theory of the invariants 
of relativity. 

I. Theory of Binariants. 

1. Concomitants which are irrational in the parameters. The transforma- 
tion 

I Xi = aiXi + a^Xi, 
■ 1 ^2 = ^<^i + &1X2, 

where the parameters are arbitrary, has two poles which are the roots 
of the respective linearly independent linear quanticsf 

(1) /.I = 2/3oXi + (|8i - ai ± A)X2 (A = V(ft - ai)^ + 4|8oa2). 
These quantics are covariants of T, and they satisfy the invariant relations 

(2) _ // = Pi-yi, /-/ = p-rV-i, 

in which 

P±i = Kft + ai ± A), pip_i = aijSi — aifio = D. 

The binary form of order m 

f = (ao, ai, • • • , aJiXi, Xi)"" 



* Presented to the American Mathematical Society (under a different title), October 27, 1917. 
Read before the National Academy of Sciences, November 21, 1917. 

t Cf. Boole, Cambridge Math. Journal, vol. 3 (1843); Elliott, Algebra of Quanlics (First ed.). 
Chap. 15. 

t Transactions Amer. Math. Society, vol. 18 (1917), p. 450. 
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126 OLIVER E. GLENN. 

has a unique expansion in terms of /i, /_i as arguments : 

(3) f = t{^) <P^-2ifi'"-i-i\ 

concerning which we prove the following 

Theobem. The linearly independent functions <pm-2{{i = 0, •••, m), 
linear in a^, • • • , a„, taken with /i, /_i, compose a complete system of con- 
comitants of f under T in the domain R(l, T, A) to which fi, /_i belong. 

The independence of the expressions ^ is evident. For, were they 
linearly connected, so would be the w + 1 linear functions of them, 
tto, • • • , a„, but these are arbitrary. 

Let /', the transformed of / by T, be expanded in terms of the argu- 
ments 

/./ = 2/3oa;i' + (ft - ai ± A)^;/; 



/' = |:(7)^.-2//r-y-t"' 



Then the function <p„_2/ is evidently the same function of Oo', • • • , am' 
that <Pm-2i is of ao, • • •, a„; moreover, if we apply the inverse of T to f 
and use the relations (2) we get 



/ = |:(7) <P^-2/p,''-D-%-%r', 



an expansion which must be identical with (3) since (3) is unique. Hence 
the expressions (Pm-2i are invariants of / under T satisfying the invariant 
relations 

<Pm-2i = pi'"-^'D'<pm-2i (i = 0, • • •, m). 

Any concomitant of/ under T can be expressed in terms of /i, /_i, <pm-2i 
(i = 0, • • •, m) by means of (1) and the inverse of the following to + 1 
linear substitutions on Oo, • • , a„ : 

<Pm—2i = <Pm-ii{ao, <Xl, • • •, am) (l = 0, • • ', TO), 

hence the theorem is proved. 

2. Systems belonging to the domain of rational polynomials. If we seek a 
fundamental system of concomitants which belong to the domain 
R{1, T, 0) of rational polynomials in ao, • • •, a„, Xi, X2 and the parameters 
of the transformation, we will be concerned with linear expressions in 
terms such as 

It = <Pm-2i','^<Pm-2il'^ ' ' ' fl'f-l"- 

The invariant relation for /, is 

(4) // = pi2'-*(»-2i)-»,+.,2)S'-<i-»./^^ 
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and a linear expression ^ in terms It is a concomitant if and only if 

Sri(TO — 2i) — Si + S2 as well as Sr^i — Sj are the same for every term. 
A necessary condition that V' belong to E(l, T, 0) is that, for each of its 
terms, 

V = 1,ri{m — 2%) — Si + S2 
(5) 

= TiXm — 2ii) + ri,{m — 2ii) + • • • — si + S2 = 0. 

This amounts to a sufficient condition also, for, although not all products 
Ir are rational, those for which v = Q can be arranged in conjugate pairs 
(/r, I-t) and the power of D in the invariant relation for /_, will be the 
same as the power for Ir- In fact, 

for which the power of D is i)S'-i(m-i)-«i gy^^ if i; = 0, 

^ri{m — i) — si = T^rd — S2. 

We can now replace the terms of the pair (Ir, I-r) by Ir + I-r, Ir — I-r, 
respectively, and the latter binomials belong, essentially, to 22(1, T, 0). 

Any concomitant multinomial is here reducible in terms of invariant 
monomials. The question of the finiteness of a complete system, as 
well as the problem of determining it explicitly are, therefore, solved by a 
known lemma due to Hilbert, viz. : If an infinite system of monomials in 
n letters be formed according to any law sufficiently definite to locate an 
arbitrarily chosen monomial within or without the system, then there 
will always exist, within the system, a finite set of monomials such that 
every monomial of the system is divisible by at least one of the set. 

In the present case the letters involved are <p„_2f (i = 0, • ■ ■, m), 
fi, /_i, and n = m + 3, while the law by which the system is formed is 
embodied in the linear diophantine equation 

S2 + rom + n{m — 2) + r2(m — 4) + • • • 
(6) 

= • ■ • + r„_2(m - 4) + r,^i{m - 2) + r„m + Si, 

which is to be satisfied in positive integers (including zero) r<, sy. The 
terms on the two sides of this equation, adjacent to the equality sign, 
are 2rj,;^i, 2rj„+i if m is even, and r.(„_i), rj(„+i) if m is odd, and in the 
former case <po exists and is included in the irreducible system. 

We have now proved the following 

Theorem. A fundamental system of concomitants of f under T in 
R{1, T, 0) is given by ths irreducible solutions of the linear diophantine 
equation (6). The number of concomitants in the system is equal to the 
finite number of these irreducible solutions, increased, if m is even, by unity. 
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The enumeration of particular complete systems for special values of 
m is the same for the situation treated in section II as in the present general 
theory, and these details are omitted to be taken up in that connection. 
We add, also, that this theory holds if the quantity under the radical A 
is a square, so that A is only apparently an irrationality, but does not 
hold if A = 0. 

II. The Instance of Einstein's Relativity Transformations. 

1. The transformations. Two moving systems of reference S and S' 
are conceived, which, for the sake of concreteness, may be taken to be 
two platforms on each of which are installed instruments for taking 
measurements, such as clocks for measuring time, rules for measuring 
lengths, and so on. Let these two systems have the relative velocity v 
in the line I. Suppose that systems of rectangular coordinates are at- 
tached to S and S' in such a way that the x-axis of each system is in the 
line I, and let the 2/-axis and the z-axis on S be parallel, respectively, to 
the 2/'-axis and the z'-axis on S'. Supposing the origins to coincide at the 
time t = 0, let the coordinates on S be denoted by x, y, z, t, and those 
referring to S' by x' , y', z', t'. Then, as was shown first by Einstein, 

(7) t = n{cH' + vx')lc, X = ix{vt' + x')c, y = y', z = z', 
where 

IX = Ij-^c^ — v^, 

and c is the velocity of light.* 

Let the first two equations of (7) be denoted by r, then t is unitary, 
and when we treat its invariant theory as a special situation under section 
I we have r> = 1. Instead of distinguishing the two types of concomitants 
with respect to domains of rationality we now refer to them merely as non- 
absolute (relative) systems and absolute systems. 

When (1) and (2) are particularized to correspond to t we find that 
/i, /_i become, essentially, 

(8) ^ = ct + X, t) = ct — X. 

These are universal covariants of t for all values of the relative velocity v, 
for which the invariant relations are 

r = p-'^, v' = pv, 

where 

lc + V 



* Einstein, Annalen der Physik, vol. 17 (1905). Lorentz, Einstein an! Minkowski, Das 
Relativitatsprinzip (1913), p. 27. R. D. Carmichael, The Theory of Relativily ( 1913), p. 44. 
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Let 

/ = aoV" + maiV"~^x + • • • + amX"*, 

where a^, • ■ -, a„, are constants, or arbitrary functions of c, y, z, then the 
expansion (3) is given by substituting, in/, from the inverse of (8), i. e., 

(9) t=(^ + v)l2c, x = c(^- v)l2c. 

As it is evident that <pm-2i contains the constant (2c)"' in the denonainator 
we write 

whence follows 

fm-2i = p'"-''Vm-2i (t = 0, • • •, m) . 

The concomitants are here functions of the parameters in t but they 
are, in fact, free from the relative velocity of the systems of reference. 

We note that these systems become orthogonal invariant systems 
when the velocity of light c is replaced by V— 1, the covariant — |rj then 
becoming the absolute, x^ + f. 

2. Calculation of the non-absolute system of /. The invariants ^m-2» can 
be derived in explicit form when m is general. Noting that 

a + vvik - v)" = |:[i:(-i)'( . t «)(f )]^'^'"V, 

it is evident that the transformed of 

by (9), is 
Hence 

(u) (»).„-„ = g|:(-i).(7)(-_-0(«>''' (i = o,..,„, 

A few special cases of this formula are added to facilitate writing down 
particular systems. The invariant yp-im-n) may be obtained from ^m-a 
by changing the signs of all odd powers of c in the latter, i. e., the ^'s 
at equal distances from the ends of expansion (10) are conjugates. Hence 
the four ^'& written below sufl&ce to give at once the explicit complete 
systems for all orders up to m = 7 inclusive. 

i/-^. = ao + maiC + ( o ) ^^c^ "*"■'■ "^ V 7 ) °'''^' + • • • + fflmC™, 

/ 17l\ / 7Tl\ / 7H\ 

1! ( J j i/'„_2 = mao + ( J ) (m — 2)oiC + I 2 ) (™ "" 4)a2C^ + • •. • 

+ y^jim - 2j)ajC' + . . . - ma„,c'^, 
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2 1 i/'m-4 = to(to - l)ao + ( J 1 (m - l)(m - 4)aic 

+ \^\ (m^ - 9m + 16)a2c2 + • • • 

+ (^) (m^ - 4rn m + 4/)a,c^- + • • • 

+ TO(m — l)amC"', 

g j^„_6 = m(m-l)(m-2)ao + ( J j (TO-l)(m - 2)(m - 6)aicH 

+ (^) K - 3(2j + 1)to' + 2(6/ + 3i + l)m 

- 4(2f + i)]ajC-'' + • • • - to(to - l)(m - 2)a„c'", 
ef cetera. 

3. Absolute invariants of relativity. A complete system of absolute con- 
comitants of / under t is constructed from the irreducible solutions of (6) . 
Thus, if m = 2, the sets of values of s^, Tq, Ti, Si respectively, in these 
solutions, are 1, 0, 0, 1; 0, 1, 1, 0; 0, 1, 0, 2; 2, 0, 1, 0. Hence the 
system for the quadratic is 



(12) 



7 : i/'o, J = ^v, ^ '■ i'ii'-i, e^i : \p<i^'^ ± ^-21?^, 



where a colon is used instead of the equality sign to indicate that irrelevant 
constant factors are to be deleted. 

We arrange these solutions in tables as below (cf. table for ot = 2), 
Juxtaposing under a double notation, like e^i, the solutions representing 
conjugate products. If a solution is symmetrically placed with reference 
to the median line of the table the corresponding product is its own 
conjugate. We omit Writing the systems in the form (12) as all types 
can easily be read off from the tables. 

The number of concomitants in the absolute system of a quartic is 12. 

OT = 1. 
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The actual invariants and covariants represented in these tables are 
ow given (cf. 11 and 12). 

TO = 1. 

/ = cH^ — x^, a = a^ — &a^, /3+i = /, /3_i = &axt + OoX. 

TO = 2. 
/, 7 = fflo — c^a2, h = a^ — ^c'a-^ + c^a^ + l&anOi, 

«+i = (ao + &ai){cH^ + a;^) + 4c^aite, 

«_i = a-SfiH^ + x^) + (fflo + c^(H)tx. 
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TO = 3. 

/, f = oo^ - 9cW + 9cW - cW + Qc^UoOi - 6c%ia3, 
n = ao^ - cW + cW - cW - 2c'aoai + 2c*aia3, 
6±i = (fflo + 3cai + Sc^ch + c*03)(ao — cai — c^Oi + c'as)* 

± (fflo — 3cai + Sc^oa — c5a3)(ao + cai — c^Oa — c'as)', 
i+i = (oo — c^Oijt + (ffli — c^as)^, 
i_i = (fli — cHz)cH + (fflo — c^a2)x, 

K+i = (ao + 3c2a2)(c2f' + Ste^) + (So, + c^as) (3c2<2a. _|_ ^.s)^ 
K_i = (3oi + c2o3)(c''f' + 3c2te2) + (ao + Zc^(h){-icH-'x + x'), 
X+, = A(c2^2 _f. a.2) _|_ ^BcHx, X_i = ^(c^i^ + x^) + Ate, 
M+i = C< + Da;, M-i = -Dc^i + Cx, 
where 
A = ao' - 3c2ai2 - 3c^a22 + c^uz^ + 20^0002 + 2c%ia3, 
jB = ttoOi + c^ffloOs — 3c^aia2 + c^chUz, 
C = Oo' + 3c«a2« - Sc^aoai^ - Sc^aoOz' + 3c«aoa3' + c^ao'aj + Qc^ai'ck 

+ c^chai^ + 2c*aoaia3 — lOc^aiChas, 
D = ao'ffli + 3c2oo'a3 + Oc^iaa' - dcWa^ + c^aiai" - dcWoz 

+ 2c^aoa203 — lOc^aoOiOa + 3c^ai' + c'as*. 

A single syzygy connects the quantics of each of the first two of these 
systems, as follows : 

Si = a/ - c^P + /3_i2 = 0, 

22 = 5P - €+1^ + 4ch-i^ = 0. 

III. Ternariants. 

The general ternary transformations 

"x = W + ky' + hz', 

S : ■ y = mix' + nhy' + rrizz', 

z = TCix' + riiy' + nsz', 

have three poles in a plane, and the linear ternary quantics representing 
the lines joining these poles in pairs, are co variants of &. In fact, assuming 
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that S transforms 

(13) f = aix + chy + a^z 

into hf we readily find that A; is a root of the characteristic equation 

(14) k^ - 'Zi¥ + 22A; - -D = 0, 

where 2, (i = 1, 2) is the sum of all of the principal minors of order i, 
of the determinant D of S. 

1. Invariants under rotations of three-dimensional axes. If S is the trans- 
formation which rotates a set of rectangular axes in the three-space into 
another rectangular system with the same origin, then, Ij, mj, nj are direc- 
tion cosines connected by a variety of well-known relations. Then 
D = ± 1, and the equation (14) can be reduced to 

(15) k^ - a¥ + aak - a = 0, 

where a = sgn D\ i. e., is + 1 or — 1 according as D is -|- 1 or — 1; 
and a is the sum of the direction cosines occurring in the principal di- 
agonal of D. Without loss of generality we can now substitute 

a = a + 2(T cos B, 

6 being an auxiliary angle, whence the three roots of (15) become a, 
ae'', ae~'' {i = V— 1). Replacing k, in kj' = /, by these three values, 
in succession, and solving for the ratios ai : a^ : as, we find the three linear 
covariants of S to be 



f.i^"^ = {Iz + <rnie^")x + (ots + (Tn2e^">)y + (ns -h + m2<re^">+e^''')z, 

(16) • 

/o^'^ = (^3 + <rni)x + (ms + arn2)y + (rii — li + m^ff + l)z. 

Three linear contravariants, representing the poles, are the eliminants 
of these three covariants taken, in pairs, with ux + vy + wz, but contra- 
grediency is equivalent to cogrediency under S. 
The general ternary quantic of order m, 

\m_ 
fix, y,z)=-Z j^rrjuarstx'y'z* (r + s + t = m), 

has a unique expansion* in terms of Z+i^"', /-i*"', /o*"^ as argument forms: 

/ = I (7) E ("" r *) ^-_',w+,<')"-'-/-x<^>yo<'". 

The ^{m + l)(m + 2) coefficient forms <p are invariants of / under S, 
linear in the coefficients Orst, and belonging to the domain of complex 

* Transactions Amer. Math. Society, vol. 15 (1914), p. 82. 
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numbers. They satisfy the invariant relations 

CI 7% ,.«, cr)' _ „m-(-2t,.(<, a) (^ = 0, •••, m \ 

(\i) v'™_,_2< - p ^„_,-2* \^i = 0, • • •, m - ^y ' 

in which p = o-e**. The theorem below follows : 

Theorem. A complete system of relative concomitants of f, under the 
transformations S of determinant a, is composed of f^i^''\ /o^"', and the 
\(m + l)(m + 2) invariants f'ii-i-u- 

In order to construct explicitly the invariants (17), it is convenient 
to solve for the inverse of the system of equations (16) and substitute the 
resulting linear expressions in /±i*''\ /o^''^ which are the values of x, y, z, 
in/. 

The determinant of Z+i^"', /_i^°'\ fo'-"^ can be put in the form 

A = aihn^ - m,n{){l - e")(l - g-*") (e-" - e'"), 

and the solution of (16), and use of relations among direction cosines, 
gives 

Ax = 4-i/+i<'> - ^+i/_i<^> + Aofo''\ 

Ay = B_i/+i(') - 5+i/_i(') + Bo/o<'', 

Az.= C-J+^^^^ - C+i/_i<'> + Co/o<'), 
in which 

A,i = (e*" - l)[<r(Zim3 - kh) - crn^e^" - mz{e^'' + 1)], 

B^i = - (e*" - \)\a(rrHU - mm,) - <rnie^" - hie^" + 1)], 

C^i = (e="" — l)ff(mini — Izth), 

Ao = (e'* - e-*0[(T(ZiTO3 - ^2^3) - mi - m^ie" + e"'")], 

^0 = - {e" - e-'')[<T{irhh - mmz) - (rni - hie'' + e"*')], 

Co = (e*' — e~'')ff{m3ni — hni). 

Through substitution in f, we obtain, by a well-known principle, 

<pJo-'^ = /-(A.i, 5_i, C-O/A™, 
and hence 

n n n 

Ai = - A+i r-, ^ - B+i vr— - C+i - 



where 



n -J n 

Ao = Aow'a H~ -^0 -, d I~ Co: 



'aA_i ' ""dB-i ' "'"5C_i' 
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2. Absolute concomitants. For a fixed value of t (p^^l.t-u) is conjugate 
to (p^'JtUi {i = 0, • • -, m — t); hence if 

Tit Jit) (t) 

•Ir — 11 <pm-t-Mi(Pm-t-2t2 • * * J+V J-V ' JO ' 

is any product from the relative system, the conjugate product is 

■t-r — 11 ^-(».-<-2t,)^-(».-(-2i2) • • • /+1 J-V ' J<3 , 

and the exponent of p in the invariant relation for I, is 

m m—t 

E = T. Er/'Hw ~ t -2i) - si + S2. 

(=0 <=0 

The concomitants Ir ± /-r, deprived of constant factors, are both real. 
Application of Hilbert's lemma to the theory of absolute concomitants, 
as in I, 2, gives, therefore : 

Theorem. A fundamental system of absolute concomitants of /, under 
the rotational transformations of determinant a, is given by the finite set 
of irreducible solutions in positive integers r/'^, sj (zero values being included) 
of the linear diophantine equation E = 0. The number of concomitants in 
the system is equal to the number of irreducible solutions increased by 
|(m + 4) if m is even and by ^{m + 3) if m is odd. 

The numbers ^{m + 4), ^(m + 3), added to the number of irreducible 
solutions, correspond to the existent absolute invariants fo'-'\ ^'o^''"', 
where t is such that m — f is even. These are not furnished by the 
solution of ^ = 0. 

The systems considered in the present section III may be interpreted 
as invariant systems of the curve f = where f is transformed by the 
ternary substitutions furnished by the formulas for axial rotations in 
three-space. They may also be interpreted, in the sense of Boole, as 
systems of invariants of the three-dimensional surface 

fix, y,z) = l, 

under the operations of rotation of rectangular coordinate axes. 
University of Pennsylvania, 
September, 1917. 



